An experiment is conducted to determine the temperature dependent thermal properties (k, ρc p ) of a fused silica shell commonly used as a mold material for investment castings. The mold is constructed by building up alternating layers of binder and silica. Different binder and silica are used for the inner layer, resulting in a thin region with different thermal properties that the rest of the shell. A search algorithm based on the simplex method is used to determine the thermal properties of both kinds of layers by finding the minimum of the error between measured and computed temperatures. Two approaches are used to find the thermal conductivity: steadystate and dynamic.
INTRODUCTION
Precision casting of an aluminum alloy is common but for some alloys difficulties are encountered. During the solidification process microporosity can occur inside the alloy. The microporosity reduces the quality of the alloy and loss of strength or even cracking can occur. This happens especially with alloys that solidify across a wide temperature range. To reduce the incidence of microporosity during casting of such alloys, a controlled solidification process is desired.
Control of the solidification process might be achieved by immersion of the mold into a bath of liquid metal with a lower melting point than the aluminum. This will provide a constant cooling condition on the exterior of the mold. The metal bath can have different temperatures, and of course a higher temperature slows down the solidification process.
This solidification process can be optimized if the computational model is known. The computational model requires accurate knowledge of thermal material properties of the mold.
Because of the wide solidifying temperature range, the material properties must be found as a function of temperature over this range. In addition, the structure of the mold is not uniform. The inner layer where the mold is in contact with the alloy is prepared differently in order to ensure a smooth surface of the alloy. On the contrary, the rest of the mold serves as a backup part that ensures that the mold does not crack during the casting process. These two parts of the mold have different thermal properties.
The remainder of this paper discusses the experiment and data analysis to determine the thermal properties of these two layers. The experiment has two facets (steady and unsteady) and will be described next. In the analysis section, two methods are discussed for determining the thermal conductivity of the material based on the steady and unsteady portions of the experiment. The volumetric heat capacity is found from the unsteady portion of the experiment only. The paper closes with a presentation and discussion of the results. 
NOMENCLATURE

Normal
EXPERIMENTAL PROCEDURES
Mold Preparation
To obtain thermal material properties of the material a special mold was prepared. The mold is cylindrical with a nominal diameter of 25.4 mm and length of 300 mm. Preparation of the mold itself, even without instrumentation, is a tedious process. The mold is created over a wax pattern by building up a shell with repeated dips into a binder material followed by immersion in silica (sand). After each binder and silica coat, the new shell must be allowed to harden before the next layer can be coated.
As mentioned previously, common practice in investment casting is to use a special fine grain material for the layer adjacent to the cavity. This fine coat, called the "prime" coat, allows for a smooth surface finish on the casting. For our mold, we used one "prime" coat, followed by four "normal" coats, which use a much coarser grain. After the final layer is dried, the mold is heated rapidly in a steam autoclave and the melted wax is allowed to drain out of the mold cavity. Following the de-wax process, the mold is fired for 15 minutes at about 850 C which hardens the shell and also burns off any remaining wax.
Instrumentation
To measure the temperature response of the mold during heating, thermosensors must be built into the mold during its construction. The thickness of the mold is only 7-8 mm, so the number of sensors that can be installed through this thickness is limited. Figure 1 shows the thermosensor installation scheme, which is described below.
Type K thermocouples (24 gage) are used for temperature sensing. Two of these thermocouples are integrated into the mold at the same axial location, but at two different radial positions. Physically this is accomplished by securing the thermocouple bead and lead wire to the shell with thin string after one of the dips in the construction, and then building up coats over the thermocouple. After two more layers are added, the next thermocouple is tied on and layers built up over it. The mold material provides the electrical insulation of the lead wires.
After the mold was constructed, the rough outer surface of the mold was smoothed with a rasp, and an extra thin (0.01 mm) Type K thermocouple was installed on the outer surface using high temperature cement. The mold was cut perpendicular to the axis so that one of the extra thin thermocouples could be installed on the inside surface also. The two halves of the mold were joined together using the high temperature cement.
All four thermocouples were installed at the same angular location. That is, the thermocouples lie along a radial line. For redundancy, a complete second set of thermocouples were installed on the opposite side of the mold (180 degrees around the circumference; see Fig. 1 ).
The resulting outside diameter of the mold is 41.5 mm, and the inside diameter is 25.5 mm. Figure 2 shows the experimental setup. During heating, data are recorded using a digital data acquisition system. The system uses a 16 bit analog to digital converter with a thermocouple preconditioner from National Instruments. The power supplied to the resistive cylindrical heater was measured using a power transducer from Ohio Semitronics, Inc. The data acquisition software is based on Labview, also from National Instruments. 
Data Acquisition
The Experiment
A cylindrical heater was centered inside the cavity of the mold and attached to a controlled power source. A thermocouple was placed on the surface of the heater to monitor its temperature. All thermocouples and power were measured and information was sent from the data acquisition system to the personal computer (see Figure 2) .
At the beginning of the experiment, the mold and the heater were uniform at room temperature. The heater was powered fractionally, allowing the mold to heat to a low temperature, during which time temperature and power data were recorded continuously. After some time, the cylindrical mold reaches steady state, which can be observed on the data acquisition computer. The power to the heater is again increased, heating the mold to a higher temperature. This cyclic process was repeated a total of 15 times, with transient heating followed by steady state heat loss, while the mold temperature varied from 300K to about 900K.
A sample of one of the fifteen cyclic heating periods is seen in Figure 3 . The maximum temperature reached inside the mold during the entire test was 1080 K. 
Determination of Thermocouple Locations
In order to conduct the analyses, the radial locations of the thermocouples and need to be known. These locations were determined after the experiment was conducted using a zoom photograph of a section of the mold at the thermocouple location. Figure 4 shows a zoom photograph of a mold section. In the lower right of the figure is a small threaded nut which is used to calibrate the linear scale in the photograph. The width of the nut is 4.70 mm. By measuring distances on the photographs, the required dimensions can be determined accurately. Table 2 shows the radial dimensions determined for the sample. 
ANALYSIS
The Downhill Simplex multidimensional optimization method was used to simultaneously determine all temperaturedependent material properties of the mold. This section describes the simplex search method and analysis for the determination of the temperature-dependent thermal properties.
Downhill Simplex Search
The beautiful feature of the Downhill Simplex method is that it requires no derivative information and is therefore useful for optimizing problems computed using numerical methods or where no analytical description is known. The optimized space is searched using a moving simplex, and the relative heights of the vertices of the simplex are used to infer the sense of the function gradient without ever computing it.
A simplex is the geometrical figure consisting, in n dimensions, of n+1 points (or vertices) and all their interconnecting line segments, polygonal faces, etc. It is perhaps difficult to envision the simplex for an arbitrary number of dimensions, but it is easy to see that a 1-D simplex is a linear segment, and that a 2-D simplex is a triangle. Note that the dimensionality is that of the solution space (number of unknown parameters in the search) and has nothing to do with the dimensionality of the Cartesian space.
The basic simplex algorithm is described in Press, et al. (1992) . The algorithm is supposed to make its own way downhill through the unimaginable complexity of ndimensional topography, until it encounters a minimum. As the simplex moves it adaptively changes its size. Figure 5a illustrates possible changes in the simplex size within one step and Fig. 5b illustrates the simplex movement during three steps for a 2D problem. Step number Figure 5b . Simplex movement in three steps The basic simplex algorithm described in Press, et al. (1992) was modified to allow optimization of a problem with constrained parameters. Also, a restart was implemented that helps overcome small local minima. The description of modified Downhill Simplex is as follows:
1. Create a simplex object and compute the value for each vertex of the simplex. 2. Define α (reflection), β (contraction), and γ (expansion) parameters. Define the maximum of optimization steps and maximum of restarts. 3. Define the limitation dimensions used in steps 6. These limits can be different for any parameter and should reflect the ability of the numerical method to compute different results for two different input parameters. If the difference in input parameters is smaller than the chosen limit, there might not be any difference in computed values or the difference is incorrect due to the rounding errors in the numerical method. These limits help avoid simplex degradation. 4. Define the smallest allowed dimension of the entire simplex during the optimization process. The smallest simplex should reflect the desired precision of the optimization process.
5. Make a simplex movement using one optimization step as described in Press, et al. (1992) . 6. If any simplex dimension is smaller than the appropriate limit chosen in step 3, go to step 8 (restart). 7. If the entire simplex is smaller than the smallest simplex defined in step 4, go to step 8 (restart). 8. (This is the restart step) If the number of restarts is higher than the defined maximum or if the position of this minimum is very near to the previous restarting minimums, you have found the optimum (minimum).
If not, choose the node with a minimum value and create a new simplex around this vertex. This simplex must be bigger than the limits defined in steps 3 and 4. Restarts help overcome small local minimums. Go to step 5.
Thermal Conductivity from Steady Data
Knowing the power of the heater under steady conditions, the conductivity k of both kinds of layers can be solved using analytical equation
The parameter q represents the heat rate generated by the heater, and the parameter L is the length of the mold (0.254 m).
The indexes a and b represent any thermocouple T 1 , T 2 , or T 3 (Figure 1 ) where the b thermocouple must be closer to the outer surface and different from the a one. Parameters T and r represent temperature and distance of the thermocouple from the center of the mold, respectively. Similar equations can be obtained for the redundant opposite side of the mold where thermocouples T 5 , T 6 , T 7 , and T 8 are placed. Note that there is some possibility for inaccuracy because the precise outgoing heat flux must be known, yet there is some unavoidable and unknown heat lost from the top and bottom of the cylindrical mold. In addition, the relative temperature for the computed conductivity is approximate and to compute the thermal conductivity k 2 we have to know conductivity k 1 for the same relative temperature.
Conductivity and Volumetric Heat Capacity from Transient Data
The basic idea is that the computational model must match the experimental model. In other words, if the computational model matches the experimental model, the computed temperature histories must be equal to the measured temperature histories. The indicator RMS that represents the accuracy of the computational model is given by where the root mean square RMS is computed over all eight thermocouples. Number m i represents the count of the data measured for one of fifteen unsteady conditions for one thermocouple. In our case, the number n is equal to 10,416.
Temperature T c represents the computed temperature and T e the experimentally measured one.
The geometry of the model is known because after the end of the experiment the mold was crosscut and all dimensions were measured (inner and outer diameter of the mold, thickness of the inner smooth layer, and positions of the thermocouples). Because of the symmetry, only two one-dimensional models were required (each for sides A and B). The governing differential equation is the one-dimensional heat conduction equation:
Here C is the volumetric heat capacity and is equivalent to the product ρc p . Solution of Eq. (4) was obtained via the Control Volume method as described in Patankar (1980) . An optimized mesh was used (Pohanka and Woodbury, 2003) and the discretization equations were solved using an implicit TriDiagonal Matrix Algorithm.
Type 1 boundary conditions are used in the computational algorithm, and the measured temperatures (T 1 , T 4 ) and (T 5 , T 8 ) were used for these boundary temperatures. On the other hand, the material properties of the mold are unknown, and these have to be found to match the computed temperature histories to the measured ones.
The temperature dependent material properties were computed as piecewise linear functions of temperature. For each conductivity k 1 , k 2 , volumetric specific heat C 1 , and C 2 , seven values were optimized at the beginning. These were conductivity and volumetric specific heat for temperatures 300 K, 400 K, 500 K, 600 K, 700 K, 800 K, and 900 K, giving 28 parameters altogether. After finding the first optimum, some parameters were omitted because of the shape of the function and because of insensitivity of some parameters to the result of the criterion function (e.g. k 1 for T = 300 K).
Equation (2) was used as the criterion function for the optimization. For each set of parameters, a solution of Eq. (2) was found, and the difference between the computed and measured values was minimized using the Downhill Simplex search algorithm. In an ideal situation, if the model matches the experimental measurements, this equation will be equal to zero. However, in real situations with finite measurement errors this equation will never be exactly satisfies, and for this case the criterion function (2) should be minimized.
RESULTS
Steady State Conductivity
Data from the steady portion of the experiment were used to estimate the thermal conductivity of the two layers using Eqs. (1) and (2). For each of the fifteen power levels, ten data points from the steady segment of the data were averaged to get the temperature at each thermocouple. .
First, values of conductivity k 1 and k 2 were computed using data that were recorded under steady conditions. Equation (1) was used and the results are shown in Figure 6 for k 1 . Two values were computed for each triplet of thermocouple readings (T 2 , T 3 , T 4 ) and (T 6 , T 7 , T 8 ), resulting in four values of k 1 for each level of temperature. These values are the ones seen in Fig. 6 .
The heat lost on the top and bottom of the mold was neglected. Therefore, the values in Fig. 6 are a bit higher than they should be.
Transient Conductivity and Volumetric Heat Capacity
Good initial guesses for the parameters helps to ensure the stability of the optimization. The values previously determined for k 1 were used as initial guessed for conductivity in the search algorithm. The initial values for volumetric specific heat C 1 and C 2 were assigned using textbook values.
As mentioned before, initially 14 values of each parameter were sought to define a piecewise linear function for k(T) and C(T). However, it was determined after the estimation that not this many parameters are needed to define the function, so the number of parameters was reduced in stages.
After parameter reduction, four values for k 1 , four values for k 2 , and two values for C 1 were computed. It has been found that the measured data do not contain enough information to compute C 2 as temperature dependent. Hence specific heat C 2 is assumed to be constant. These results are shown in Figure 6 and Table 2 . There are no values for k 2 and C 1 related to the temperature 300 K because any value results in the same value of the criteria equation (Eq. (3)). This means that no information is involved in measured data for this temperature.
Comparing the results computed only for steady conditions ( Figure 6 ) with the results obtained for unsteady conditions (Figure 7) , it is obvious that the conductivity k 1 is higher for steady conditions. This is due to the improper assumption that the heat lost on the top and bottom of the mold can be neglected. Comparing the results, the heat lost is about 20%.
MAGMA is a computer program frequently used in the foundry industry to model filling and solidification of castings. Comparing the computed conductivity k 1 of the backup mold with the values from MAGMA database, the results differ by about 5% only. The thermal conductivity is also slightly increasing for the temperature range 600 K 900 K. The computed volumetric specific heat is about 5% lower than that in the MAGMA database and about 11% lower than that presented in literature (Incropera and Dewitt, 1996) .
Looking at the rapidly decreasing thermal conductivity k 2 , a similar effect can be seen for Al 2 O 3 in the MAGMA database or for sapphire and polycrystalline aluminum oxide in literature (Incropera and Dewitt, 1996) .
CONCLUSION
Computation of heat conduction in any body requires knowledge of the thermal material properties of that body. Knowledge of the heat conduction during casting is very important for optimizing this process.
A measurement was made using the cylindrical mold prepared of two different kinds of layers. The data obtained were used to compute the thermal temperature dependent material properties using both steady and unsteady temperature data. The unsteady analysis relied on a Downhill Simplex search algorithm to minimize the residual errors between the computational model and the experiment The results compare favorably with results published elsewhere. 
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